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1. Let f(x, y) = (f1(x, y), f2(x, y)) = (
√
xy,

√
y

x
).

(a) Find the Jacobi matrix Jf (x, y) and evaluate it at the point (x, y) = (2, 8).

(b) By using the linearization of the function f at the point (x, y) = (2, 8), approximate f(1.9, 8.2).

Ans:

(a) Jf (x, y) =
∂(f1, f2)

∂(x, y)
=


∂f1
∂x

∂f1
∂y

∂f2
∂x

∂f2
∂y

 =



√
y

2
√
x

√
x

2
√
y

−
√
y

2x
√
x

1

2
√
xy

 and so Jf (2, 8) =


1

1

4

−1

2

1

8

.

(b) We have

f(2, 8) + Jf (2, 8)

[
x− 2

y − 8

]
=

[
4

2

]
+


1

1

4

−1

2

1

8


[
x− 2

y − 8

]
=


x+

1

4
y

−1

2
x+

1

8
y + 2


and so the linearization of f(x, y) is

L(x, y) = (x+
1

4
y,−1

2
x+

1

8
y + 2).

Therefore, f(1.9, 8.2) can be approximated by L(1.9, 8.2) = (3.95, 2.075).

2. Express
dw

dt
as a function of t if

(a) w = x2 + 2xy, x = cos 2t, y = sin 3t;

(b) w = ln(xy + yz + zx), x = t2, y = et, z = cos t;

Ans:

(a)

dw

dt
=

∂w

∂x

dx

dt
+
∂w

∂y

dy

dt

= (2x+ 2y)(−2 sin 2t) + (2x)(3 cos 3t)

= −4(x+ y) sin 2t+ 6x cos 3t

= −4(cos 2t+ sin 3t) sin 2t+ 6 cos 2t cos 3t

In matrix notation, we have

[
dw

dt

]
=

[
∂w

∂x

∂w

∂y

]
dx

dt

dy

dt

 .
(b)

dw

dt
=

∂w

∂x

dx

dt
+
∂w

∂y

dy

dt
+
∂w

∂z

dz

dt

=

(
y + z

xy + yz + zx

)
(2t) +

(
x+ z

xy + yz + zx

)
(et) +

(
x+ y

xy + yz + zx

)
(− sin t)

=
(t2 + 2t+ cos t− sin t)et + 2t cos t− t2 sin t

t2et + et cos t+ t2 cos t
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In matrix notation, we have

[
dw

dt

]
=

[
∂w

∂x

∂w

∂y

∂w

∂z

]


dx

dt

dy

dt

dz

dt


.

3. Express
∂z

∂u
and

∂z

∂v
as functions of u and v if

(a) z = 3e2x ln y, x = ln(u+ v), y = uv;

(b) z = xey + yex, x = u+ v, y = lnx.

Ans:

(a)

∂z

∂u
=

∂z

∂x

∂x

∂u
+
∂z

∂y

∂y

∂u

= 6e2x ln y · 1

u+ v
+

3e2x

y
· v

= 6e2 ln(u+v) ln(uv) · 1

u+ v
+

3e2 ln(u+v)

uv
· v

= 6(u+ v) ln(uv) +
3(u+ v)2

u
.

∂z

∂v
=

∂z

∂x

∂x

∂v
+
∂z

∂y

∂y

∂v

= 6e2x ln y · 1

u+ v
+

3e2x

y
· u

= 6e2 ln(u+v) ln(uv) · 1

u+ v
+

3e2 ln(u+v)

uv
· u

= 6(u+ v) ln(uv) +
3(u+ v)2

v
.

In matrix notation, we have

[
∂z

∂u

∂z

∂v

]
=

[
∂z

∂x

∂z

∂y

]
∂x

∂u

∂x

∂v

∂y

∂u

∂y

∂v

 .
(b)

∂z

∂u
=

∂z

∂x

∂x

∂u
+
∂z

∂y

∂y

∂u

=
∂z

∂x

∂x

∂u
+
∂z

∂y

(
dy

dx

∂x

∂u

)
= (ey + yex)(1) + (xey + ex)

(
1

x
(1)

)
= 2ey + ex

(
y +

1

x

)
= 2(u+ v) + eu+v

(
ln(u+ v) +

1

u+ v

)
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∂z

∂v
=

∂z

∂x

∂x

∂v
+
∂z

∂y

∂y

∂v

=
∂z

∂x

∂x

∂v
+
∂z

∂y

(
dy

dx

∂x

∂v

)
= (ey + yex)(1) + (xey + ex)

(
1

x
(1)

)
= 2ey + ex

(
y +

1

x

)
= 2(u+ v) + eu+v

(
ln(u+ v) +

1

u+ v

)

In matrix notation, we have

[
∂z

∂u

∂z

∂v

]
=

[
∂z

∂x

∂z

∂y

]
∂x

∂u

∂x

∂v

∂y

∂u

∂y

∂v

 and

[
∂y

∂u

∂y

∂v

]
=

[
dy

dx

] [
∂x

∂u

∂x

∂v

]
.

4. If f(u, v, w) is differentiable and u = x− y, v = y − z and w = z − x, show that

∂f

∂x
+
∂f

∂y
+
∂f

∂z
= 0.

Ans:

∂f

∂x
=

∂f

∂u

∂u

∂x
+
∂f

∂v

∂v

∂x
+
∂f

∂w

∂w

∂x

=
∂f

∂u
· 1 +

∂f

∂v
· 0 +

∂f

∂w
· (−1)

=
∂f

∂u
− ∂f

∂w
.

Similarly we have

∂f

∂y
= −∂f

∂u
+
∂f

∂v

∂f

∂z
= −∂f

∂v
+
∂f

∂w

Therefore,
∂f

∂x
+
∂f

∂y
+
∂f

∂z
= 0. In matrix notation, we have

[
∂f

∂x

∂f

∂y

∂f

∂z

]
=

[
∂f

∂u

∂f

∂v

∂f

∂w

]


∂u

∂x

∂u

∂y

∂u

∂z

∂v

∂x

∂v

∂y

∂v

∂z

∂w

∂x

∂w

∂y

∂w

∂z


=

[
∂f

∂u

∂f

∂v

∂f

∂w

]
1 −1 0

0 1 −1

−1 0 1

 .

5. Let r = xi + yj + zk ∈ R3 and let r = |r| =
√
x2 + y2 + z2.

Show that for any positive integer n,

∇(rn) = nrn−2r.

Ans:
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Let n be a positive integer, we have rn = (x2 + y2 + z2)n/2. Then,

∇(rn) =

(
∂

∂x
rn,

∂

∂y
rn,

∂

∂z
rn
)

=
(
nx(x2 + y2 + z2)n/2−1, ny(x2 + y2 + z2)n/2−1, nz(x2 + y2 + z2)n/2−1

)
=

(
nxrn−2, nyrn−2, nzrn−2

)
= nrn−2(x, y, z)

= nrn−2r

6. A function f(x, y) is said to be a harmonic if it satisfies the Laplace equation

∂2f

∂x2
+
∂2f

∂y2
= 0.

For (x, y) 6= (0, 0), f can be regarded as a function of r and θ with r > 0 and 0 ≤ θ < 2π by

f(r, θ) = f(x(r, θ), y(r, θ)),

where x(r, θ) = r cos θ, y(r, θ) = r sin θ and (r, θ) is called the polar coordinates.

Show that the Laplace equation in polar coordinates can be expressed as

1

r

∂

∂r

(
r
∂f

∂r

)
+

1

r2
∂2f

∂θ2
= 0.

Ans: We have

∂f

∂r
=

∂f

∂x

∂x

∂r
+
∂f

∂y

∂y

∂r

= cos θ
∂f

∂x
+ sin θ

∂f

∂y

r
∂f

∂r
= r cos θ

∂f

∂x
+ r sin θ

∂f

∂y

∂

∂r

(
r
∂f

∂r

)
= cos θ

∂f

∂x
+ r cos θ

∂

∂r

(
∂f

∂x

)
+ sin θ

∂f

∂y
+ r sin θ

∂

∂r

(
∂f

∂y

)
= cos θ

∂f

∂x
+ sin θ

∂f

∂y
+ r cos θ

(
∂2f

∂x2
∂x

∂r
+

∂2f

∂y∂x

∂y

∂r

)
+

r sin θ

(
∂2f

∂x∂y

∂x

∂r
+
∂2f

∂y2
∂y

∂r

)
1

r

∂

∂r

(
r
∂f

∂r

)
=

1

r
cos θ

∂f

∂x
+

1

r
sin θ

∂f

∂y
+ cos θ

(
cos θ

∂2f

∂x2
+ sin θ

∂2f

∂y∂x

)
+

sin θ

(
cos θ

∂2f

∂x∂y
+ sin θ

∂2f

∂y2

)
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On the other hand,

∂f

∂θ
=

∂f

∂x

∂x

∂θ
+
∂f

∂y

∂y

∂θ

= −r sin θ
∂f

∂x
+ r cos θ

∂f

∂y

∂2f

∂θ2
= −r cos θ

∂f

∂x
− r sin θ

∂

∂θ

(
∂f

∂x

)
− r sin θ

∂f

∂y
+ r cos θ

∂

∂θ

(
∂f

∂y

)
= −r cos θ

∂f

∂x
− r sin θ

∂f

∂y
− r sin θ

(
∂2f

∂x2
∂x

∂θ
+

∂2f

∂y∂x

∂y

∂θ

)
+

r cos θ

(
∂2f

∂x∂y

∂x

∂θ
+
∂2f

∂y2
∂y

∂θ

)
1

r2
∂2f

∂θ2
= −1

r
cos θ

∂f

∂x
− 1

r
sin θ

∂f

∂y
− sin θ

(
− sin θ

∂2f

∂x2
+ cos θ

∂2f

∂y∂x

)
+

cos θ

(
− sin θ

∂2f

∂x∂y
+ cos θ

∂2f

∂y2

)

By the above,
1

r

∂

∂r

(
r
∂f

∂r

)
+

1

r2
∂2f

∂θ2
=
∂2f

∂x2
+
∂2f

∂y2
= 0 is the Laplace equation in polar coordinates.
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